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Abstract— This paper presents a coverage controller that
allows a team of robots with qualitatively different mobility
types to achieve an effective coverage over a domain consisting
of multiple terrain types. In this work, each robot has specific
types of terrains that it can operate on, and these compatible
operating regions of a robot are determined based on its
mobility type and current position. With the extended definition
of coverage from sensing to servicing of events, the Voronoi cells
of the robots are confined to their compatible operating regions.
Based on the new Voronoi cells, the mobility constrained
locational cost is defined, and a gradient descent controller
is used to drive robots to locally optimal coverage positions. In
order to keep each robot within its compatible regions while
achieving a coverage, control barrier functions are utilized.

I. INTRODUCTION

In the field of multi-robot systems, coverage control is a
framework to effectively distribute a group of robots over a
domain given a profile that describes the relative importance
of the points within the domain [1]. In [2], it was shown
that the effective distribution of a group of homogeneous
robots can be achieved by the continuous time version of
Lloyd’s algorithm [3] where each robot is driven towards
the weighted centroid of its Voronoi cell [4]. Based on this
result, cases with heterogeneous robots were considered in
the literature. In terms of utilizing heterogeneous sensing
capabilities of robots for coverage control, [5], [6], [7]
considered robots with different sensing ranges, and [8], [9],
[10] examined cases involving robots equipped with multiple
types of sensors that can detect different environmental
phenomena. From a mobility perspective, [6], [11], [12],
[13] studied cases with robots that possess different actuator
dynamics. In addition, [14] considered robots with different
energy constraints, and [13], [15] investigated cases where
robots have different physical dimensions.

The heterogeneity discussed in the preceding works was
confined to the robots themselves. Although the robots
had different capabilities or characteristics, the domain of
interest was implicitly assumed to be comprised of single
terrain type. Therefore, every robot in a team could reach
the same set of points within the domain. However, in
scenarios involving a domain with multiple terrain types and
robots with multiple mobility types, each robot may have
different regions that they have access to. For example, if a
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domain of interest consisting of ground and water regions
is to be covered with a heterogeneous team of ground and
amphibious robots, ground robots only have access to ground
regions whereas amphibious robots can operate on both
regions. Motivated by this idea, this paper proposes a new
coverage controller that achieves an optimal coverage while
keeping each robot within their accessible regions in such
multi-terrain and multi-species coverage scenarios.

A few studies considered the heterogeneity of the domain
to limited degrees. In [16], [17], strategies to achieve static
coverage configurations of robots while avoiding collisions
with obstacles were proposed. Similarly, [18], [19] discussed
how to maintain persistent coverage over a domain with
obstacles. These works implicitly embraced the heterogeneity
of the domain by restricting access of the robots to areas
without obstacles. In [20], a domain was explicitly divided
into multiple areas, and each area was selectively covered
by a specific type of sensors. However, the sensors in this
work did not have any mobility constraints, so any types of
sensors could operate on the whole domain.

In contrast to these previous results, this paper considers
coverage scenarios where each robot has access to different
parts of a domain based on its type and current position.
Accordingly, the robots start from their safe operating re-
gions, and they are driven towards optimal coverage locations
within the regions. To this end, the domain of interest is cat-
egorized into smaller subdomains to identify the acceessible
domain (safe operating region) of a robot. In this paper, the
meaning of coverage is extended to potential servicing of
events, i.e., a robot may be required to visit any locations
within its region of dominance. Therefore, the Voronoi cell
of each robot is restricted to the areas within its accessible
domain. The locational cost of the system is redefined with
the new Voronoi cells of the robots, and a gradient descent
controller is used to drive each robot to locally optimal
positions for minimizing the cost. In case of the accessible
domain of a robot being non convex, control barrier functions
(CBFs) [21] are utilized to keep each robot in their safe
operating regions in a minimally invasive manner.

The organization of this paper is as follows. Section
II describes the process of categorizing a domain into
subdomains to identify accessible domains which are safe
operating regions of robots. Based on the accessible domains
of robots, the mobility constrained Voronoi cells of robots
are defined. In Section III, the locational cost function of
the system is redefined with mobility constrained Voronoi
cells, and the gradient descent algorithm for the new cost
is derived. In Section IV, control barrier functions to keep
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each robot within its safe region is discussed. Section V
demonstrates experimental results that show the effectiveness
of the proposed controller, and Section VI concludes the
paper.

II. DOMAIN CATEGORIZATION AND MOBILITY
CONSTRAINED VORONOI CELLS

In a coverage scenario involving a domain of interest
with multiple terrain types and robots with multiple mobility
types, each robot should be operating on its compatible types
of terrains. Otherwise, some robots may be damaged either
partially or completely. An example of this would be ground
robots driven into a river. In order to keep robots within
their accessible regions, we first need to define the accessible
regions of the robots. To this end, the domain of interest is
first categorized into subdomains.

Consider a two dimensional domain D ∈ R2 to cover with
a team of robots with different mobility types. The domain
is then partitioned into subdomains so that

D =

nw⋃
w=1

Dw

where each subdomain Dw represents a specific type of
terrain within the domain, and nw ∈ N is the total number
of subdomains. Also, let W = {1, · · · , nw} be the set of the
indicies of all subdomains. Since each subdomain represents
a type of terrain, the subdomains do not overlap with each
other, i.e., D◦i ∩D◦j = ∅, ∀i, j ∈ W where ◦ notation denotes
interior of a set. An example of a domain categorized into
subdomains is in Fig. 1 where D1 and D2 represent ground
and water terrains, respectively. In this case, nw = 2 and
W = {1, 2}. Note that there are two disconnected ground
regions in the example. However, since each subdomain
represents a type of terrain, the two disconnected ground
regions are classified as D1, and a water region between the
ground regions is classified as D2.

Fig. 1. An example of subdomains and connected subdomains.

Now, letN = {1, · · · , n} be the set containing the indicies
of all robots where n is the total number of robots in the
team. The position of Robot i is represented as pi ∈ R2, and
the vector containing the positions of all robots is defined as
p = [p>1 , · · · , p>n ]>. In addition, let S = {1, · · · , ns} be the
set containing all types of species, i.e., the types of robots,
in the heterogeneous team. Further, let us define a function
s : N → S which takes the index of a robot and returns the
species of the robot. Consider an example in Fig. 2. If we
define 1 as rabbit type and 2 as turtle type, S = {1, 2}. The
species of a robot with index i can be obtained by plugging
the index into the function as s(i). In the example, the species

of the robot with index 2 can be found as s(2) = 2, which
is turtle.

Fig. 2. An example of a robot team consisting of 3 robots in 2 species.
The indicies of the robots are shown below them.

Different types of robots may be limited in terms of the
types of terrains that they can operate on. For example,
consider a case of deploying a heterogeneous team of the
rabbit and turtle robots in the domain described in Fig. 1. If
we naturally assume that the rabbits are ground robots, and
the turtles are amphibious robots, the rabbits can only operate
on the regions within the ground subdomain D1 while the
turtles can operate on the whole domain D. We denote the
union of subdomains where robots in species s(i) ∈ S can
operate on as the feasible domain of the species, Fs(i) ⊆ D.
Accordingly, the feasible domain of rabbit robots in Fig. 1
is D1, and that of turtle robots is D.

The subdomains need to be further categorized into
smaller regions because there exists an ambiguity if the
domain to be covered have disconnected subdomains as D1

in Fig. 1. Consider a case where a rabbit robot is deployed
in the domain described in the figure. If the robot starts
from a point within D1 on the left to the water region
D2, then it only has access to the points within the left
part of D1. Likewise, if the rabbit robot starts from the
D1 on the right to D2, it only has access to the points
within the right part of D1. In order to distinguish such
disconnected subdomains, each subdomain is divided into
connected subdomains, as described in the parentheses in
Fig. 1. A connected subdomain is denoted as Dw,c where
w ∈ W is the index of the subdomain that indicates the type
of the terrain, and c is the index of the connected subdomain
within the subdomain in type w. The connected subdomains
satisfy the relationship,

Dw =

Cw⋃
c=1

Dw,c,

where Cw ∈ N is the total number of connected subdomains
in subdomain w. As an example, in Fig. 1, W = {1, 2},
C1 = 2, and C2 = 1.

Fig. 3. An example describing two rabbit robots having different accessible
domains based on their positions.

Finally, we define the accessible domain of Robot i in
species s(i) as Ai,s(i)(pi), which is the connected subset of



Fs(i) containing the position of Robot i, pi. In other words,
Ai,s(i)(pi) ⊆ Fs(i) ⊆ D such that pi ∈ Ai,s(i)(pi). Note that
the initial position of every robot is assumed to be within its
accessible domain. In Fig. 3, although both robots are rabbits,
the accessible domain of Robot i is Ai,s(i)(pi) = D1,1

whereas that of Robot j is Aj,s(j)(pj) = D1,2. On the other
hand, the accessible domains of the three turtle robots in
the same figure are identical as Ak,s(k)(pk) = Al,s(l)(pl) =
Am,s(m)(pm) = D which is the whole domain.

In case of covering a domain that consists of multiple
types of terrains (subdomains) with a team of robots with
different mobility types, the traditional Voronoi tessellation
may end up assigning inaccessible regions to some of the
robots because it only considers the distance between a point
and a robot. This may cause the center of mass of a robot’s
Voronoi cell to be outside of the robot’s accessible domain,
and a gradient descent controller can drive the robot into its
incompatible regions. Also, if the purpose of the coverage
is not sensing but servicing of events which require the
robots to visit any points within their Voronoi cells, the
Voronoi cells should only contain the accessible domains of
the robots.

Fig. 4. An example of mobility constrained Voronoi tessellation with two
rabbit robots with accessible domain D1,1.

Therefore, we define a mobility constrained Voronoi cell
of the ith robot as

Vi,s(i)(p) = {q ∈ Ai,s(i)(pi)|‖q − pi‖ ≤ ‖q − pj‖,∀j ∈ N}.

Note that the mobility constrained Voronoi cell of a robot is
confined to the accessible domain of the robot. An example
of the mobility constrained Voronoi cells is shown in Fig. 4.
Since two rabbit robots i and j are on D1,1 in the figure,
their Voronoi cells are confined to the connected subdomain
D1,1.

III. MOBILITY CONSTRAINED LOCATIONAL COST AND
GRADIENT DESCENT ALGORITHM

The quality of the coverage performed by a multi-robot
team over a domain of interest can be quantified with a
locational cost. Since the region of dominance of a robot
is redefined as the mobility constrained Voronoi cell in
the previous section, the locational cost also needs to be
reformulated. We call the new locational cost of the system
as the mobility constrained locational cost. The mobility
constrained locational cost of the Robot i is given as

Hm,i(p) =

∫
Vi,s(i)(p)

‖q − pi‖2φ(q)dq

where φ : D → R≥0 is a density function that describes the
importance of a point q. The mobility constrained locational
cost of the multi-robot system can be obtained by summing
the costs of all robots as

Hm(p) =

n∑
i=1

∫
Vi,s(i)(p)

‖q − pi‖2φ(q)dq. (1)

Note that the only difference between the mobility con-
strained locational cost and the traditional locational cost is
the definition of the Voronoi cell.

A heterogeneous team of robots with different mobility
types can achieve an optimal coverage over a domain by
minimizing the mobility constrained locational cost in (1).
One way to achieve this is letting each robot move against
the gradient of the cost with respect to its position, which
eventually makes the robots converge to local minimizers.
For this, the gradient of the mobility constrained locational
cost with respect to a robot’s position needs to be calculated.

Note that the mobility constrained locational cost in (1)
is the summation of the cost of every robot. Since only the
costs of Robot i and its direct neighbors depend on pi, taking
partial derivative of the cost function in (1) with respect to
pi gives

∂Hm(p)

∂pi
=

∂

∂pi

∫
Vi,s(i)(p)

‖q − pi‖2φ(q)dq

+
∂

∂pi

∑
j∈Ni

∫
Vj,s(j)(p)

‖q − pj‖2φ(q)dq
(2)

where Ni represents the Delaunay neighbors of Robot i.
Here, Delaunay neighbors indicate the robots that share a
boundary. In order to compute the partial derivative, we need
to apply Leibniz integral rule.

Lemma 1. (Leibniz Integral Rule [22]) Let Ω(p) be a region
that depends smoothly on p such that the unit outward
normal vector n(p) is uniquely defined almost everywhere
on the boundary ∂Ω(p). Let

F =

∫
Ω(p)

f(p, q)dq.

Then,
∂F

∂p
=

∫
Ω(p)

∂

∂p
f(p, q)dq +

∫
∂Ω(p)

f(p, q)n(q)>
∂q

∂p
dq

where the second term is the line integral over the boundary,
∂Ω(p).

Applying Lemma 1 to (2) and simplifying terms, we get

∂Hm(p)

∂pi
= 2

∫
Vi,s(i)(p)

(pi − q)>φ(q)dq

+
∑
j∈Ni

∫
∂Vij(p)

‖q − pi‖2ni(q)>
∂q

∂pi
dq

+
∑
j∈Ni

∫
∂Vij(p)

‖q − pj‖2nj(q)>
∂q

∂pi
dq

where ∂Vij(p) is the boundary between Voronoi cells i and
j. Since ni(q) = −nj(q) and ‖q− pi‖ = ‖q− pj‖ along the



boundaries of the neighboring Voronoi cells i and j, ∂Vij(p),
the summation terms become 0. Therefore, the gradient of
the mobility constrained locational cost is given as

∂Hm(p)

∂pi
= 2

∫
Vi,s(i)

(pi − q)>φ(q)dq

where the dependence of p on the mobility constrained
Voronoi cell is omitted for notational convenience. Sub-
stituting the mass and the center of mass of the mobility
constrained Voronoi cell,

mi,s(i)(p) =

∫
Vi,s(i)

φ(q)dq, ci,s(i)(p) =

∫
Vi,s(i)

qφ(q)dq

mi,si(p)
,

into the gradient expression, we finally get

∂Hm(p)

∂pi
= 2mi,s(i)(p)

(
pi − ci,s(i)(p)

)>
which is fundamentally in the same form as the gradient in
the homogeneous case [2], except for the definitions of the
mass and the center of mass of the Voronoi cells.

Assuming the robots are single integrators, ṗi = ui, the
gradient descent controller for Robot i is given as

ui = −∂Hm(p)

∂pi

>
= −2mi,s(i)(p)

(
pi − ci,s(i)(p)

)
.

We can now scale the control signal with a positive gain
γi(p) = ki

2mi,s(i)(p)
> 0 with ki ∈ R≥0, which simplifies the

controller to

ui = −ki
(
pi − ci,s(i)(p)

)
. (3)

The convergence of the robots under the control law in
(3) can be checked by analyzing the time derivative of the
mobility constrained locational cost, which is calculated as

Ḣm(p) =
∂Hm(p)

∂p
ṗ = −

n∑
i=1

γi(p)

∥∥∥∥∥∂Hm(p)

∂pi

>
∥∥∥∥∥

2

where γi(p) is the gain of the ith robot defined above. Since
the largest invariant set of p for Hm(p) is equal to the
equilibrium of the system, by Lasalle’s invariance principle,
pi → ci,s(i)(p), ∀i ∈ N as t→∞.

IV. CONTROL BARRIER FUNCTIONS FOR SAFE
HETEROGENEOUS COVERAGE

The gradient descent controller from the previous section
drives each robot towards the center of mass of its mobility
constrained Voronoi cell to achieve an optimal coverage
configuration. Therefore, if the center of mass of every
mobility constrained Voronoi cell is always within the cell,
the gradient descent controller can serve as the safe coverage
controller that keeps each robot within its accessible do-
main since Vi,s(i)(p) ⊆ Ai,s(i)(pi). However, the accessible
domains defined in Section II are not necessarily convex.
Thus, the mobility constrained Voronoi cell of the robot
can be non-convex as well. In this case, the center of mass
of the mobility constrained Voronoi cell of a robot can be
outside the cell depending on the density function applied

on the domain. Therefore, it is possible for the gradient
descent controller in (3) to drive robots into their inaccessible
regions, which may lead to loss of functionality of those
robots. In order to prevent such situations, control barrier
functions (CBFs) [21] are utilized based on the property that
CBFs ensure a system to remain in its safe set if it starts
from the set.

In general, for control-affine robots, the dynamics of Robot
i can be given by

ṗi = f(pi) + g(pi)ui

where f and g are locally Lipschits, and ui ∈ U ⊂ Rm is an
admissable control input. Since we previously assumed that
the robots are single integrators, we can represent the robot
dynamics in control-affine form by letting f(pi) = 0 and
g(pi) = I2×2 for all pi ∈ D where I2×2 is a 2 × 2 identity
matrix. Now, let hi(pi) be a continuously differentiable
function that defines the accessible domain (safe set) of
Robot i in species s(i) as below

Ai,s(i)(pi) = {pi ∈ D ⊂ R2|hi(pi) ≥ 0}.

Then, the function hi(pi) is a control barrier function (CBF)
if there exists an extended class K∞ function α that satisfies

sup
ui∈U

[Lfhi(pi) + Lghi(pi)ui] ≥ −α(hi(pi))

for all pi ∈ D. If hi(pi) is a CBF, Robot i can be kept within
its accessible domain, the safe set of Robot i [21].

However, it might not be feasible to represent the accessi-
ble domain of a robot as a superlevel set of a single contin-
uously differentiable function if the shape of the domain is
complex. Therefore, we introduce the following assumption.

Assumption 1. The accessible domains of the robots can
be represented by the intersection of a finite number of
superlevel sets of continuously differentiable functions.

Even in cases where it is impossible to exactly represent
the accessible domain of a robot as in Assumption 1, we
can always under-approximate the domain with continuously
differentiable functions to obtain a conservative and safe
representation of the domain.

Fig. 5. An example illustrating Assumption 1 for Robot i with 3 constraints.
The yellow area indicates the accessible domain of Robot i.

If Assumption 1 holds, according to [23], the logical and
of the constraints that altogether define the accessible domain



of a robot, hi(pi) = hi,1(pi) ∧ hi,2(pi) ∧ · · · ∧ hi,li(pi), can
be compressed into

hi(pi) = min
z∈Li

{hi,z(pi)}

where li = con(Ai,s(i)(pi)) is the total number of constraints
of Robot i, and Li = {1, · · · , li} is the set of indices of the
constraints of Robot i.

Finally, letting ûi be the gradient descent controller de-
rived in (3), we can consider the following Quadratic Pro-
gramming (QP) controller similar to the one devised in [24]

u∗ = arg min
u

n∑
i=1

‖ui − ûi‖2

s.t. Lfhi(pi) + Lghi(pi)ui ≥ −α(hi(pi)) ∀i ∈ N
(4)

which is the minimally invasive coverage controller that
drives each robot towards the weighted centroid of its mobil-
ity constrained Voronoi cell while keeping the robot within
its accessible region. Here, u = [u>1 , · · · , u>n ]>.

V. EXPERIMENTAL RESULTS

In this section, the effectiveness of the safe heterogeneous
controller in (4) is demonstrated in two different setups.
In both cases, a group of heterogeneous robots consisting
of ground and amphibious robots is used, and we denote
ground robots as rabbits and amphibious robots as turtles.
The experiments were performed in the Robotarium [25], a
remotely accessible multi-robot research testbed. In the Rob-
otarium, the rectangular boundary for the robots is defined
as [−1.6, 1.6] for the x-axis and [−1, 1] for the y-axis where
each axis has unit of meters. The density function used in
the experiments is a bivariate normal distribution defined as

φ(q) =
1

2π
√
|Σ|

e−
1
2 (q−µ)>Σ−1(q−µ) (5)

where µ is the mean, and Σ is the covariance matrix of the
distribution. Specifically, those values are set to µ = [0, 0]>

and Σ = 0.3I2×2 with I2×2 being the 2× 2 identity matrix.
In the first experiment, a simple multi-terrain domain

described in Fig. 6a was used. The left half plane in dark
blue in the figure represent water region, and the right
half plane in light blue represent ground region. Also, the
density function (5) is visualized with a gradation of colors
which is overlaid on the domain. All of the robots start
from the ground subdomain, so the accessible domain for
all rabbits are the right half plane defined as x ≥ 0. If we
let S = {1, 2} with 1 ∈ S representing rabbits and 2 ∈ S
representing turtles, the barrier function for rabbits is given
as hi(pi) = pi,x, ∀{i ∈ N|s(i) = 1} where pi,x is the
x-component of the position vector of Robot i, pi. On the
other hand, since the accessible domain of the turtle robots
is the whole domain D, the barrier function for turtles is
simply given as hi(pi) = 0, ∀{i ∈ N|s(i) = 2}. For the
experiment, α(hi(pi)) in (4) was chosen to be 100hi(pi)

3.
From Fig. 6b, it can be confirmed that the rabbits never left
the ground whereas the turtles moved into water to obtain

better coverage. The evolution of the cost function for this
experiment is shown in Fig. 6c.

For another experiment, a multi-terrain domain similar to
the one in Fig. 1 with two ground connected subdomains and
one water subdomain was used. In this case, however, two
connected subdomains are non-convex as shown in Fig. 7a.
The left ground subdomain is defined as 2x2 − y2 − 1 ≥ 0
where x < 0, and the the right ground subdomain is defined
as the intersection of x+ y2 − 1 ≥ 0 and x+ y − 0.7 ≥ 0.
Therefore, there is only one barrier function defined as
2p2
i,x − p2

i,y − 1 = 0 for rabbits starting from the left
ground subdomain where pi,x and pi,y represent the x and
y coordinates of the Robot i, respectively. In contrast, there
are two barrier functions defined as pi,x + p2

i,y − 1 = 0
and pi,x + pi,y − 0.7 = 0 for rabbits starting from the right
ground subdomain. Like in the first experiment, the barrier
function for turtles is trivially given as hi(pi) = 0, ∀{i ∈
N|s(i) = 2}. In the experiment, α(hi(pi)) = 100hi(pi)

3

was used. From Fig. 7b, it can be confirmed that rabbits
never left ground subdomains while moving into higher
density regions. The evolution of the cost function for this
experiment is described in Fig. 7c.

VI. CONCLUSIONS
In this paper, we proposed a coverage control strategy

for multi-terrain and multi-species scenarios. In such cases,
robots with different mobility types have different compatible
regions throughout the multi-terrain domain. Therefore, the
safe operating regions of a robot is determined based on its
species and current position. In this work, the problem of
coverage is considered as the combination of sensing and
potential servicing of an event that might need a robot to
visit locations within its region of dominance. Therefore, the
Voronoi cell of a robot is confined to the robot’s accessible
regions, and the new locational cost is defined based on the
new Voronoi cells. In order to achieve an optimal coverage
under the cost, each robot is driven by a gradient descent
controller. In addition, control barrier functions are utilized
to keep robots within their accessible domains even if the
domains are non-convex. Experimental results show that
the proposed strategy achieves an optimal coverage over a
domain while keeping every robot in its safe region.
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